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In this study, to construct a lifetime distribution function, we used censored 
data that included a countries population pyramid and a life table.

We use a third-order B-spline function to construct the logarithm for force of 
mortality of living time.
Evaluation of B-spline parameters estimated by maximum likelihood 
estimation tested with criteria of the modified chi-squared goodness of the fit 
statistic.

Based on demographic data   of the  America (2019), Japan (2019), Germany 
(2019), Russia (2014),and Mongolia(2019) we calculate the estimation and 
criteria using Matlab.

Abstract

We chose 𝐺(𝑥, 𝜏) function to be combined distribution of exponential and 
normal distributions.

𝑔 𝑥, 𝜆, 𝜇, 𝜎!, 𝛼 = 𝛼𝜆 exp −𝜆𝑥 + 1 − 𝛼
1

√2𝜋𝜎
exp −

𝑥 − 𝜇 !

2𝜎!
𝑥 ≥ 0, 𝜆 > 0, 𝜎! > 0, 0 ≤ 𝛼 ≤ 1

The parameters based on a sample observations X are estimated by the 
maximum likelihood estimation method. 
Evaluation of 𝐺 𝑥, 𝜆, 𝜇, 𝜎!, 𝛼 parameters estimated by maximum likelihood 
estimation tested with criteria of the modified chi-squared goodness of the fit 
statistic.

Introduction

𝑋 , 𝑌 are age and life span of human, respectively. Let 𝑋 , 𝑌 be random 
variables with an absolute distribution 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝐺 𝑥, 𝜏 = ∫"

# 𝑔 𝑡, 𝜏 𝑑𝑡 ,
𝐹(𝑦, 𝜃) = ∫"

$ 𝑓(𝑡, 𝜃)𝑑𝑡 respectively.  Where, 𝜏 = 𝜏%, 𝜏!, … , 𝜏& ∈ 𝜃% ⊂ 𝑅& ,
𝜃 = 𝜃%, 𝜃!, … , 𝜃' ∈ Θ! ⊂ 𝑅' are unknown vector parameters. 
We made the estimation of distribution life span using the sample taken from   
Y.
In this study, based on the censored data that contain extensive information 
than our previous study, the distribution of  Y  is estimated.

The data 𝑍 = min 𝑋, 𝑌 , 𝛿 = S1, 𝑋 ≤ 𝑌
0, 𝑋 > 𝑌 Is called censored data and its joint 

probability density function is defined by 
T𝑓 𝑧, 𝑘, 𝜏, 𝜃 = 1 − 𝐹 𝑧, 𝜃 𝑔 𝑧, 𝜏

(
(𝑓 𝑧, 𝜃 1 − 𝐺 𝑧, 𝜏

%)(
, 𝑘 = 0, 1

For censored data 𝑋%, 𝑌% , … (𝑋*, 𝑌*) sample is taken from (X, Y)             
distributed population corresponding to 𝑍%, 𝛿% , … , 𝑍*, 𝛿* . The parameters 
𝜏, 𝜃 based on a sample observations are estimated by the maximum  likelihood  
estimation method

𝐿 𝑍%, 𝛿%, … , 𝑍*, 𝛿*, 𝜏 , 𝜃 =Y
+,%

*

ln T𝑓 𝑧, , 𝑘, 𝜏, 𝜃 → 𝑚𝑎𝑥

Methods 
We use a third-order B-spline function to construct the logarithm for force of 
mortality of living time 𝑌. 

l𝑛(𝜆(𝑦)) = 𝐵(𝑦, 𝜃, 𝐶()
The number of the knots-𝑘, their locations and B-spline coefficients-𝜃 based 
on a sample observations are estimated by the maximum likelihood 
estimation method.
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ln exp 𝐵 𝑦, 𝜃, 𝑐( −`
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𝜆 𝑡 𝑑𝑡 1 − 𝐺(𝑌+)

𝜃 = 𝜃%, … , 𝜃1 , 𝑝 = 3 + 𝑘 ; 𝐶( = {𝑐%, … , 𝑐(}, (𝑎 < 𝑐% < ⋯ < 𝑐( < 𝑏)
Evaluation of B-spline parameters estimated by maximum likelihood 
estimation tested with criteria of the modified chi-squared goodness of the fit 
statistic.  At n-th order B-spline 𝑆( is  𝐻(: ln(𝜆 𝑦 ) ∈ 𝑆( , for
𝑆( = {𝑓 𝑦, 𝜃, 𝑐( : 𝜃 ∈ 𝑅 2/( , 𝐶( ∈ 𝑅 3/( , 𝑘 ≥ 0}.

If  m𝜃, n𝐶( denotes the Maximum Likelihood Estimation of the parameter 
𝜃, 𝐶( based on the sample, then the modified statistic 𝜒 -,(

! m𝜃, n𝐶( . If the 
null hypothesis 𝐻( is true, then as the sample size 𝑁 → ∞, the distribution 
function of 𝜒 -,(

! converges to the distribution function of the 𝜒 -)%
! chi-

square distribution with (𝑁 − 1) -th degree of freedom.
Based on demographic data   of the  America (2019), Japan (2019), Germany 
(2019), Russia (2014),and Mongolia(2019) we calculate the estimation and 
criteria using Matlab.

Estimation of Force of mortality with censored data

In this study, we  constructed the approximate function living time 
distribution and the force of mortality with censored data. 
We chose 𝐺(𝑥, 𝜏) function to be combined distribution of exponential and 
normal distributions.  In the current context, we estimate the logarithm of the 
force of mortality in the form of the third order B-spline. Its parameters have 
been estimated by the maximum likelihood estimation. We examine the fit of 
the obtained distribution with the empirical distribution by using sequentail
procedure for the modified 𝜒! goodness of fit statistics. The results of the 
study have the advantage of constructing an optimal model with low variance 
when the amount of data is large. It also drastically reduces the number of 
knots in the B-spline function, making the design easier.

Conclusions
!𝝀 #𝝁 #𝝈 #𝜶

USA men                        
women

0.050
0.048

48.26
50.49

18.69
19.22

0.36
0.35

Russia men                        
women

0.058
0.053

43.50
48.77

17.48
18.99

0.27
0.25

Japan men                        
women

0.048
0.045

53.88
57.37

18.82
19.70

0.25
0.24

Mongolia men                        
women

0.034
0.032

35.98
37.08

13.1
13.5

0.9
0.9

German men                        
women

0.050
0.048

50.29
53.29

18.66
19.43

0.25
0.24

In any nation, setting up the force of mortality and the living time distribution 
are crucially important in actuarial science, life insurance, health, and 
demographic surveillance system. Thus, estimation of the force of mortality 
has become the most important issues among the researcher. 
Let's suppose that 𝑋 is the lifetime random variable.
Then four functions define and explain the characteristics of the distribution 
of X. These are the probability density function 𝑓(𝑥), the cumulative 
distribution function of lifetime 𝐹(𝑥) = 𝑃(𝑋 < 𝑥), the survival function 
𝑠(𝑥) = 1 − 𝑃(𝑋 < 𝑥) and the force of mortality 𝜆(𝑥). If one of the above 
four functions is known, the other three can be determined.
O.Tserenbat, T.Gereltuya and D.Nyamsuren constructed the approximate 
function living time distribution and the force of mortality.
They estimate the logarithm of the force of mortality in the form of the third 
order B-spline.
Its parameters have been estimated by the maximum likelihood estimation.
They examine the fit of the obtained distribution with the empirical 
distribution by using sequential procedure for the modified  𝜒! goodness of 
fit statistics.

Pyramid population

Table 1. Evaluation of the parameter 𝐺 (𝑥, 𝜆, 𝜇, 𝜎 ^ 2, 𝛼) for some countries 

Figure 4. Estimation of Force of 
mortality for USA
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Figure 1. Pyramid population in Mongolia. Figure 2. Pyramid population in USA.

Figure 3. Estimation of Force of 
mortality for Mongolia


